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Simulated Annealing for Missile Optimization: Developing
Method and Formulation Techniques

Ozan Tekinalp∗ and Muge Bingol†

Middle East Technical University, 06531 Ankara, Turkey

Hide-and-seek is a continuous simulated annealing algorithm that uses an adaptive cooling schedule. A number of
improvements are proposed for the global optimum estimation required for the cooling schedule. To handle equality
constraints, two approaches are examined: the rejection method and augmentation of constraints to cost using
penalty coefficients. It is demonstrated that a faster convergence is possible if, in the penalty coefficients approach,
equality constraints are replaced with tight inequality constraints. The missile trajectory optimization problem
is formulated using nodes equally spaced in time until burnout and equally spaced in energy consumption after
burnout. This approach is shown to be superior to the use of all nodes equally spaced in time. Also investigated is the
effect of node number on the performance of the algorithm. The problem of combined optimization of design and
control variables is also addressed. For this purpose a two-loop approach, where each loop has its own temperature
and cooling schedule, is proposed, and its effectiveness is demonstrated.

Nomenclature
Ae, At , Ab = nozzle exhaust area, nozzle throat area,

propellant burn area
AT = number of accepted trials during optimization
b = vector of design parameters
CL , CD, CF = lift, drag, and thrust coefficients
C∗ = characteristic velocity of the propellant
D = aerodynamic drag force
f, f ∗, f̂ = scalar cost function, and its global maximum,

heuristic estimator
g = gravitational acceleration
h, h f = altitude, specified final altitude
Isp, It = specific impulse, total impulse
k = specific heat ratio
k1, . . . , k7 = penalty coefficients
L = aerodynamic lift force
m, mt , m p = instantaneous missile mass, total missile

mass, propellant mass
n = pressure exponent used in burn

rate calculations
Pa, Pe, Pref, Pc = ambient pressure, exhaust pressure, reference

pressure, chamber pressure
r, Range = horizontal distance from launch point,

maximum range
rPref , rPc = propellant burn rates at reference pressure,

chamber pressure
Sref = reference area
TD, T = thrust force at design altitude, thrust

at current altitude
TU = number of temperature updates during

optimization
t, tb, t f = time, burnout time, final time
tcase = case thickness
u = vector of control variables
V, V f = total velocity, impact velocity
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x = vector of state variables
α,α = angle of attack, vector containing angle

of attack values of nodes
γ, γ f = flight-path angle, flight-path angle at impact
η = impulse efficiency
θ = pitch attitude
ρ, ρp = density of air, density of propellant
σsteel = yield strength of the steel
τ = temperature parameter used in simulated

annealing algorithm
χ 2

1 − p(d) = 100(1 − p) percentile point of the chi-square
distribution with d degrees of freedom

ω, υ = vectors of optimization parameters

Introduction

T RAJECTORY optimization has been applied to aerospace ve-
hicles ranging from rockets to aircraft.1−4 Design optimization

of aerospace vehicles integrates several disciplines, such as aerody-
namics, structures, dynamics, controls, and propulsion.5 Whereas
many examples of multidisciplinary design optimization may be
found in the literature, few address design optimization, including
the trajectory of the vehicle, that is, controls and/or states.6−9

Various methods of the trajectory optimization of aerospace ve-
hicles have been proposed. (A detailed review may be found in
Ref. 10.) These methods are also used for multidisciplinary design
optimization, where the following methods are identified: calculus-
based methods, response surface methods, expert systems, genetic
algorithms, simulated annealing, neural networks, and various com-
binations of them.11 Calculus or gradient-based methods are well
studied in the literature. They converge to a local minimum, however,
and care must be taken to make sure that cost functions and con-
straints are smooth and differentiable. Nongradient methods have
recently been applied to a number of problems, among which sim-
ulated annealing and genetic algorithms are most promising.12

Hide-and-seek is a continuous simulated annealing algorithm de-
veloped by Belisle et al.13 It is capable of finding the global minimum
of highly nonlinear functions. It is also said to be suitable for the op-
timization of nonconvex functions with disconnected regions, and it
is guaranteed to converge to the global maximum with a probability
of one (Refs. 13 and 14). The hide-and-seek simulated annealing
algorithm was introduced to the aerospace community by Lu and
Khan.14 They used the algorithm to find optimum trajectories for a
maneuvering aircraft. In their study, they also compared the algo-
rithm to the principal axis method and Nelder–Mead simplex method
and demonstrated its effectiveness. The algorithm is also applied to
missile trajectory optimization and missile design optimization by
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Tekinalp and Utalay,9 and its effectiveness in solving highly nonlin-
ear optimization problems was demonstrated. The purpose of this
paper is to propose new approaches to the hide-and-seek optimiza-
tion method and to the formulation of missile trajectory optimization
and combined optimization of design and control variables.

The success of the hide-and-seek method depends on the accuracy
of the estimation of global optimum. For this purpose, a heuristic
estimator was proposed.13 In this study, other approaches, such as
use of an overestimate or use of the original heuristic estimator with
bounds, are proposed. Their effect on the performance of the algo-
rithm is investigated. hide-and-seek is an unconstrained optimiza-
tion algorithm, and two approaches in handling nonlinear constraints
are examined: the acceptance–rejection method and augmenting the
constraints to the cost function using penalty coefficients. Also in-
vestigated is the effect of converting equality constraints into tight
inequality constraints to be used for the constructing aggregate cost
with penalty coefficients.

Trajectory optimization problems are converted into parameter
optimization problems using control values specified at nodes. Be-
cause the number of nodes used has an important bearing on the
trajectory optimization, the effect of the node number on the per-
formance of the algorithm is investigated as well.

In previous missile trajectory optimization studies6,7,9 the flight
time after burnout was an optimization parameter. In this study, the
termination of the flight is determined by the final total energy of the
system calculated from the requirements on velocity and altitude at
the terminal state. Consequently, the duration of unpowered flight is
no longer an optimization parameter. Previously nodes were equally
spaced in time. In the current study, the nodes are still equally spaced
in time until burnout. However, after burnout, intervals between
nodes indicate equal energy consumption intervals. The advantage
of these formulations is also demonstrated.

Previously, flight control parameters and engine design parame-
ters were optimized together. In this study, some parameters of the
aerodynamic shape are also included. Because of the difficulties
encountered, a two-loop (two-temperature) formulation of the opti-
mization problem is proposed; results of the example problems are
given and discussed.

In the following, first the combined design and trajectory opti-
mization is discussed. Next, a brief survey on simulated annealing
methods is given together with the hide-and-seek simulated anneal-
ing method. Some improvements are proposed, and implementation
issues are discussed. Mathematical models used for trajectory op-
timization and design optimization are then given. The manuscript
continues with the presentation and discussion of the study per-
formed to investigate the effects of the improvements proposed to
the optimization method and to the formulation of the missile opti-
mization problems. Finally, conclusions are given.

Optimization Problems
Trajectory optimization problems are in fact optimum control

problems. The problem may be formulated as follows:

maximize f (x, u, t) (1)

ẋ = Φ(x, u, t), g(x, u, t) = 0, h(x, u, t) ≤ 0 (2)

x(t0) = x0, ψ(x f , u f , t f ) = 0, ϕ(x f , u f , t f ) ≤ 0 (3)

Thus, the trajectory optimization problem is to find the control
history u(t) such that a scalar performance index f is minimized
[Eq. (1)] subject to differential equality constraints, as well as alge-
braic equality and inequality constraints on state and control vari-
ables [Eq. (2)], with specified initial conditions and constraints on
terminal conditions [Eq. (3)]. Traditionally, trajectory optimization
problems are solved using calculus of variations. Calculus of vari-
ations yields a two-point boundary-value problem.15 This is called
the indirect method.10,16 However, the solutions of these two-point
boundary-value problems usually require numerical techniques. An-
other method is to convert the optimal control problem into a pa-
rameter optimization problem.17,18 This is called the direct method.

For this purpose the value of the inputs ui , i = 1, . . . , l, and/or
states xi , i = 1, . . . , l, at discrete points in time, called nodes, are
sought. Two approaches are commonly employed: direct shooting
and collocation.10,16,17

In multidisciplinary design optimization, the cost function and
the constraints contain design variables as optimization parameters.
Thus, the equations are already parameterized. However, with the
vehicle trajectory included, the design optimization problem may
similarly be posed as

maximize f (x, u, b, t), ẋ = Φ(x, u, b, t)

g(x, u, b, t) = 0, h(x, u, b, t) ≤ 0, x(t0) = x0

ψ(x f , u f , t f ) = 0, ϕ(x f , u f , t f ) ≤ 0 (4)

These equations may again be converted into a parameter opti-
mization problem, as before, together with the design variables.
Thus, the optimization parameters are both ui , i = 1, . . . , l, and
b j , j = 1, . . . , k.

Simulated Annealing Method
Simulated annealing is an optimization method that simulates the

physical annealing process of finding the low-energy states of a solid
at a particular temperature. For a given temperature τ , the probabil-
ity of a system to be in state r may be found from the Boltzmann
distribution exp[E(r)/kBτ ], where E(r) is the energy of the config-
uration and kB is the Boltzmann constant (see Ref. 19). To simulate
the annealing process, Metropolis criteria may be used. For this pur-
pose, the change in the energy of a system with the movement of
an atom is calculated, 
E . If the movement lowers the energy of
the system, it is accepted (
E ≤ 0). Otherwise, it is accepted with
probability of P(
E) = exp(−
E/kBτ). In the simulated anneal-
ing optimization method, the cost function replaces the energy of the
system, and the optimization parameters represent the atoms. This
idea was first used by Kirkpatrick et al. to solve discrete combina-
torial optimization problems.19 The technique was later extended to
the optimization of functions of continuous variables.13,20−23

In simulated annealing, the success of the algorithm to find the
global optimum by the fewest number of function evaluations is
closely related to the method used in selecting the next candidate
point. For this purpose, various methods are proposed. For example,
Vanderbilt and Lougie20 propose selecting the next iteration point
from a normal distribution and then multiplying it by the step size
to find the next test value. Thus, a random walk with a fixed max-
imum step size is used. This maximum step size for each variable
is updated after a predetermined number of trials. The new set of
step sizes is selected proportional to the inverse of the Hessian cal-
culated. Corona et al., on the other hand, displaces one variable at
a time.21 Siarry et al. also selects the next test point using random
walk.22 However, only randomly selected subsets of optimization
parameters are displaced at each trial.22 In Refs. 21 and 22, the
step size is kept constant for a predetermined number of iterations.
Others use pure random walk, where both search direction and step
size are taken from uncorrelated uniform distributions.13,23

Another important aspect of simulated annealing is the cooling
scheme used. Various schemes are also proposed in the literature.
The most common approach is to cool by multiplying the current
temperature by a fixed factor after a predetermined number of trials20

or records.21 Hajek24 gives the necessary and sufficient conditions
for a deterministic cooling schedule so that convergence to a global
optimum is guaranteed. Siarry et al.22 propose changing the temper-
ature after a predetermined number of steps. Excess records lead to
a large reduction in temperature. Otherwise, it is lowered by a small
amount. Thus, two separate factors for fast cooling and slow cool-
ing are used. Others propose an adaptive cooling schedule.13,23 The
cooling is carried out whenever a new record is found. The temper-
ature selected depends on the distance of the record to the estimated
global optimum. Thus, the temperature is small if the current record
is close to the estimated global optimum. Otherwise, it is large.
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Hide and Seek Algorithm13

Consider the following optimization problem:

maximize f (ω), ω ∈ S (5)

where S is a compact body in Rd . Thus, the objective is to findω ∈ S
such that f ∗ ≡ f (ω∗) ≥ f (ω) for all ω ∈ S.

First the Metropolis criterion shall be given:

βτ (ω, υ) = minimum((1, exp{[ f (υ) − f (ω)]/τ })) (6)

Then the algorithm proceeds as follows:
0) Choose a starting pointω0 in the interior of S and a high enough

starting temperature τ0, and set j = 0.
1) Choose search direction θ j on the surface of a unit sphere with

uniform distribution.
2) Choose step size λ j from the uniform distribution such that

� j = (λ j ∈ R : ω j + λ jθ j ∈ S). Set υ j + 1 =ω j + λ jθ j .
3) Choose Vj (0 ≤ Vj ≤ 1) from a uniform distribution. Determine

the next search point ω j + 1 from

ω j + 1 =
{
υ j + 1 if Vj ∈ [0, βτ (ω j ,υ j + 1)]

ω j if Vj ∈ [βτ (ω j ,υ j + 1), 1] (7)

4) Update temperature, if f (ω j + 1) is greater than all previous
function values. Otherwise, go to step 1.

The new temperature is calculated using

τ = 2 · [ f ∗ − f (ω j )
]/

χ2
1 − p(d) (8)

This temperature update schedule gives an improvement in function
value over the current iteration point with a probability of at least p.
Because maximum value, f ∗, cannot be known in advance, it is
substituted with its estimate f̂ . The estimate is calculated using the
following heuristic estimator:

f̂ = f1 + f1 − f2

(1 − p)−d/2 − 1
(9)

where f1and f2 are the two largest order statistics, respectively,
and the parameter p corresponds to the probability that the real
maximum f ∗ is larger than its estimate f̂ . The algorithm stops
when the difference between the estimated value and the current
value is small.

Application of the Method
The success of hide-and-seek that uses an adaptive cooling sched-

ule depends on the accuracy of the estimation of global optimum.
The heuristic estimator proposed in the original algorithm is based
on current and previous records. If the current record is too far
from the previous one, then the heuristic estimator gives unreason-
ably high values. Consequently, the temperature suddenly increases.
The opposite may also happen and cause the temperature to drop
prematurely. In either case, the algorithm may not converge to the
actual maximum. However, use of an overestimate or a heuristic
estimator with upper and/or lower bounds may also be reasonable
and are examined in this paper.

Whereas simulated annealing algorithm is fundamentally an un-
constrained optimization algorithm, it is also used for constrained
optimization.23 The usual approach is to discard the iteration point
if the constraints are violated and to select another point in the same
fashion. This approach is quite easy to apply if the constrains are
simple upper and lower bounds on the optimization parameters. At
a given iteration point, nonlinear constraints may also be evalu-
ated, and the next trial point may be rejected if the constraints are
violated.23 However, the rejection method may be quite costly un-
less these constraints define a reasonably large region in the design
space. The nonlinear equality constraints may also be handled by
augmenting them to the cost function using penalty coefficients.9,14

If the penalty coefficients are too large, the augmented cost may have
very large peaks and wells, which makes the optimization difficult.
On the other hand in many engineering problems, it is not essential

to realize precisely the equality constraints, which may be replaced
by tight inequality constraints. These approaches are investigated.

The effect of parameter number on the performance of the hide-
and-seek algorithm was investigated previously by means of smooth
multidimensional analytical functions.13,14 Belisle et al.,13 for ex-
ample, with use of a highly nonlinear function with multiple local
optima, have shown that, with true maximum used in Eq. (8), the
number of records found, that is, temperature updates, increases lin-
early with function dimension. Lu and Khan14 employed a similar
function and showed that when true maximum is known, the func-
tion evaluation number also increases linearly. They also examined
the effect of parameter number on the performance of the algorithm
for trajectory optimization (a minimum-time, half-loop, fighter air-
craft trajectory) reporting a nonlinear relation between the parameter
number and the number of function evaluations. Additional results
examining this relation are also given in the sequel.

Mathematical Models
Flight Mechanics Models

In this work a two-degrees-of-freedom missile model, assumed
to always fly in trim flight conditions, is used (Fig. 1). Furthermore,
an angle-of-attack autopilot realizes the commanded input instan-
taneously. Thus, pitch dynamics of the missile is not considered,

ṙ = V cos γ, ḣ = V sin γ

V̇ = (1/m)(T cos α − D) − g sin γ

γ̇ = (1/mV )(T sin α + L) − g cos γ /V, θ = γ + α (10)

The engine is a solid propellant end burning rocket engine, and the
total mass changes linearly with time,

m = mt − (t/tb)m p (11)

To calculate aerodynamic forces, necessary lift and drag coefficients
of the hypothetical missile for different Mach numbers and angle-of-
attack values are generated in a tabular form using Missile DATCOM
software.25 Because the missile is assumed to fly in trim flight con-
dition, drag and lift coefficients change together with the center of
mass position until burnout. Consequently, two separate tables, cor-
responding the fore and aft center of mass locations, are used. The
coefficients corresponding to the current flight instant are found by
interpolation. These coefficients also change after burnout, which
requires application of separate table after burnout. Then, lift and
drag forces are found from

D = ρV 2 SrefCD

/
2, L = ρV 2 SrefCL

/
2 (12)

Whereas air density is a nonlinear function of altitude, the speed
of sound is a function of the ambient temperature, which may be
taken as a piecewise linear function of altitude.26 Thus, during the
integration of the equations of motion, each lift and drag coefficient
table is also interpolated to find the coefficient values at the current
angle of attack and Mach number. The motor is designed for spe-
cific exhaust pressure, and the change in thrust force with ambient
pressure is taken into account,

T = TD + (Pe − Pa)Ae (13)

Fig. 1 Missile coordinate system.
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The angle-of-attack values at the nodes are optimization parame-
ters, which are linearly interpolated to find the corresponding angle-
of-attack values between nodes during integration. The nodes are
equally spaced in time. This does not constitute a major problem
until burnout because burnout time is known before the simulation
starts. However, the unknown total flight time is an optimization pa-
rameter. The terminal conditions specified by terminal velocity and
terminal altitude give the final total energy (kinetic energy plus the
potential energy) of the missile at impact. From the start of burnout,
the missile continuously looses energy. For this reason, the equa-
tions of motion may also be integrated until the desired total energy
achieved. Because the total energy is a parameter to be evaluated
continuously, the nodes are placed with respect to total energy in-
stead of time. Thus, the nodes after burnout indicate equal energy
consumption intervals. The current angle of attack is again found
by linearly interpolating from the neighboring nodes. It is also suffi-
cient to impose the constraint on either terminal altitude or terminal
velocity.

Design Models
The hypothetical missile used in this study has a cruciform wing

and tail configuration and has an ogive nose. In design optimization,
most of the missile geometric dimensions are taken constant. Wing
semispan, wing root chord, wing taper ratio, nominal thrust, and
burnout time are selected as optimization parameters. These param-
eters affect mass properties as well as aerodynamic properties of
the missile. Nominal values of the optimization parameters as well
as upper and lower bounds on them are given in Table 1. Numbers
of designs are realized within the parameter bounds given. Tables
of lift and drag coefficients needed for the trajectory simulations
are obtained from Missile DATCOM25 software. During design op-
timization, proper multidimensional interpolations are carried be-
tween these tables as well.

The engine is a solid propellant end burning rocket motor. The
nozzle and engine geometry are shown in Fig. 2. The total propel-
lant mass may be calculated in two ways. First, assume that the
total propellant mass is consumed by burnout. Second, assume that
combustion product is calorically perfect, expansion in the nozzle is
isentropic, and maximum flow rate through the nozzle is achieved27:

m p = AbρprPc tb = AbρprPref(Pc/Pref)
ntb (14)

m p = It/Ispg = TDtb

/
ηC∗CF (15)

Because Eqs. (14) and (15) must be equal, a relation between the
thrust at design altitude and chamber pressure may be obtained. For
engine design, nominal thrust TD and total impulse It are selected
as optimization parameters. Once they are specified, the chamber
pressure as well as propellant mass may be calculated. For a given
missile external diameter, burn area may be calculated by subtract-
ing the case and liner thicknesses from this value. Liner thickness
is constant (2 mm, in this example). However, case thickness, de-
pendent on the chamber pressure, may be calculated using the hoop
stress formula, which includes design pressure ratio (DPR):

tcase = Pc DrefDPR

2σsteel
(16)

Fig. 2 Nozzle and engine geometry of the end burning solid propellant
rocket engine: At =πr2

t , Ae =πr2
e , and Ab =πr2

b.

The nozzle cross-sectional areas may be found from27

At = TD/CF Pc (17)

Ae/At = [(k + 1)/2]1/(k − 1)(Pe/Pc)
1/k

×
√

(k + 1)/(k − 1)
[
1 − (Pe/Pc)(k − 1)/k

]
(18)

Nozzle inlet and exhaust angles are taken 45 and 15 deg, respectively.
At this point all of the geometric dimensions of the engine and
nozzle are known, and motor mass as well as its mass center may be
calculated. Because wing shape is optimized, wing total mass and
its center of mass are calculated using approximate formulas based
on the wing planform area. Finally, total mass and mass centers of
the missile before and after burnout are calculated.

Results and Discussion
In this section, results of the numerical experiments carried out to

test the effectiveness of the improvements proposed for the hide-and-
seek simulated annealing method as well as formulation techniques
for missile optimization problems are presented. For this purpose
three optimization problems considered. The first problem (P1) con-
tains trigonometric functions and has only upper and lower bounds
on parameters,14

maximize

{
−π

n

{
10 sin2(πx1) +

n − 1∑
k = 1

(xk − 1)2

× [
1 + 10 sin2(πxk + 1)

]+ (xn − 1)2

}}
(19)

where −10 ≤ xi ≤ 10, i = 1, . . . , n. This function has 10n local
maximum and one global maximum of f ∗ = 0 at xi = 1, i =
1, . . . , n. The second problem (P2) is also an analytical function but
with a nonlinear constraint besides simple upper and lower bounds28:

maximize

{(√
n
)n

n∏
i = 1

xi

}
,

n∑
i = 1

x2
i = 1

0 ≤ xi ≤ 1, i = 1, . . . , n (20)

This function has a global solution of f ∗ = 1 at xi = 1/
√

n,
i = 1, . . . , n.

The third problem (P3) is the maximum range trajectory opti-
mization problem. A hypothetical air to surface missile (Table 1)
is launched from a particular altitude with certain initial conditions
(V0 = 237.3 m/s, γ0 = 5 deg, h0 = 8000 m, and α0 = 0 deg) and cer-
tain impact conditions are required (V f = 271.2 m/s, γ f = −75 deg,
h f = 1000 m, α f = 0 deg). The nodal angle-of-attack values are
constrained to the ±8-deg range. The equality constraints on the
terminal conditions are also imposed, by augmenting the desired
impact conditions to the cost using penalty coefficients, that is,

f = range − k1|V (t f ) − Vdesired| − k2|γ (t f ) − γdesired| (21)

Table 1 Hypothetical missile parameters and upper and lower
bounds used in the design optimization

Parameter Nominal Minimum Maximum

Dref, m 0.45 0.45 0.45
Length, m 2.57 —— ——
mt , kg 599 0 600
m p , kg 166.6 —— ——
Wing semispan, m 0.45 0.36 0.56
Wing root chord, m 0.55 0.52 0.81
Wing taper ratio 0.78 0.10 0.90
Tail gap, m 0.3 0.3 0.7
TD , N 6000 2000 4500
It , kN · s 420 240 505
tb , s 70 —— ——
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Table 2 Effect of estimator type and function dimension
on the required number of function evaluations

(problem P1) to attain f > −0.1

Estimator, f ∗, type n = 2 n = 3 n = 4 n = 5

Heuristic estimator, f̂ 14,786 2,030,888 4,954,106 >100,000,000
Overestimate, f ∗ = 10 36,381 352,760 8,758,305 22,528,464
Overestimate, f ∗ = 1 16,483 70,264 285,617 1,010,037
Heuristic with bounds, 14,496 252,488 1,877,644 12,288,625

−10 ≤ f̂ ≤ 10
Heuristic with bounds, 11,740 70,304 207,511 655,484

−1 ≤ f̂ ≤ 1
Global maximum 6,141 11,694 34,798 47,578

In the baseline problem, k1, and k2 are taken as 500 and 1500,
respectively. Initially these parameters were selected such that each
entry in Eq. (21) is of comparable magnitude during optimization.
After few runs, proper adjustments were made to the coefficients.
Also note that terminal altitude may also be imposed instead of
terminal velocity.

Estimation of the Global Maximum for Adaptive Cooling Schedule
As indicated before, the success of hide-and-seek depends on

how well the global optimum is estimated. In this section, various
estimators are examined through numerical experiments using P1
and missile trajectory optimization problems. Optimization of P1
of various dimensions (n = 2, 3, 4, 5) with three kinds of estimators
are used. These are heuristic estimator proposed in the original al-
gorithm [Eq. (9)], overestimate of the function value, and heuristic
estimator with upper and lower bounds. The global maximum of the
function is also employed. The overestimate uses a fixed value in
cooling schedule [Eq. (8)], that is, f ∗ = 1 or f ∗ = 10. On the other
hand, the bounded heuristic estimator is

f ∗ =




fl , f̂ ≤ fl

f̂ , fl < f̂ < fu

fu, f̂ ≥ fu (22)

where, in this problem, ( fl , fu) are taken as (−10, 10) and (−1, 1).
Because the maximum value of the function P1 is known, the op-

timization is carried out until the function value is greater than spec-
ified value of f > −0.1 (Table 2). The effect of estimator type on the
required number of function evaluations to attain a particular close-
ness to the global maximum may be observed from Table 2, which
reports the average results from 10 separate runs. It may be seen
from Table 2 that runs with the true maximum require the fewest
number of function evaluations. On the other hand, the heuristic
estimator performed poorly and required a record number of func-
tion evaluations in all cases. Using an overestimate of the function
value, instead of the heuristic estimator, usually performed much
better than the heuristic estimator case. For function dimension 2
and 4, the heuristic estimator performed better than the overesti-
mate ( f ∗ = 10) because this value is not sufficiently close to the
maximum (Table 2). In general, heuristic estimator with bounds,
that is, −10 < f̂ < 10, performed better than the overestimate cases
employing the upper bound of the former as the estimate, that is,
f ∗ = 10.

The study is repeated for the maximum range trajectory opti-
mization problem (P3) as well. The trajectory optimization pro-
grams were coded in Matrix-X29 environment and were run on a
Pentium III personal computer with 550-Hz clock speed. In this
case, because the true maximum of this problem is not known, opti-
mization is terminated when the temperature falls below a specified
value. It is also terminated when the number of function evalua-
tion (FEN) exceeds a predetermined value (in this study, 30,000).
The optimization with 30,000 function evaluations required about
15 min on the cited computer. To evaluate proposed improvements
properly each case is run five times, each time starting with a dif-
ferent initial parameter set. The sets contained 30 angle-of-attack
parameters corresponding to 30 nodes. Of these 30 nodes, 10 of

Table 3 Effect of the estimator performance of hide-and-seek
algorithm for trajectory optimization

Angle of attack sets

Parameter 1 2 3 4 5 Average

Estimator 1, heuristic, f̂
FEN 18,661 7,165 15,827 17,990 30,000 17,929
AT 1,213 955 404 239 1701 902
TU 119 75 71 64 76 81
Range 64,663 60,864 69,201 66,236 39,433 60,079

Estimator 2, overestimate, f ∗ = 75,000
FEN 30,000 30,000 30,000 30,000 30,000 30,000
AT 4,878 2,547 2,881 4,691 5,025 4,004
TU 71 71 87 96 84 82
Range 71,549 71,617 73,180 72,188 70,605 71,828

Estimator 3, underestimate, f ∗ = 65,000
FEN 706 4,174 1,112 3,285 10,230 3,901
AT 127 371 145 362 1,056 412
TU 56 68 48 65 100 67
Range 65,656 65,801 65,042 65,430 65,089 65,404

Estimator 4, f̂ ≥ 70,000
FEN 30,000 30,000 30,000 18,032 30,000 27,606
AT 2,605 1,452 6,487 1,129 3,192 2,973
TU 129 91 89 78 136 105
Range 70,124 70,647 62,307 70,134 70,016 68,646

Estimator 5A, 105 ≥ f̂ ≥ 70,000
FEN 9,362 30,000 28,315 30,000 11,782 21,892
AT 673 836 939 1072 908 886
TU 88 100 130 111 83 102
Range 70,019 71,765 73,252 71,510 71,140 71,537

Estimator 5B, 105 ≥ f̂ ≥ 65,000
FEN 14,975 30,000 14,981 15,289 17,023 18,454
AT 355 778 891 467 494 597
TU 93 146 107 114 109 114
Range 66,530 72,619 67,403 69,779 71,571 69,580

them correspond to the flight phase until burnout. The 11th node
is at burnout. The 31st node is at impact, and its value is zero. For
the results given in this section, terminal state constraints are very
closely realized, final altitude is within ±0.5 m, final velocity within
±0.3 m/s, and final flight-path angle within ±0.2 deg.

First the heuristic estimator runs are conducted (estimator 1). The
results of the optimization for each initial set are listed in Table 3. The
FEN, accepted trials (AT), and temperature updates (TU), as well as
maximum ranges achieved, are also given. These results show that
in all cases except one the program was terminated automatically
when the temperature dropped below the specified value. In the fifth
set, the temperature did not drop and the program was terminated
after completing all 30,000 function evaluations, achieving a poor
39.4-km range. The maximum range, 69.2 km, was achieved with
set 3.

Although we do not know the actual maximum of a function,
in many problems one may have an idea about the upper bound
for the function value. The trial runs indicated that the maximum
range of this missile was between 70 and 75 km. Consequently, the
overestimate, 75,000, is selected as the function value (estimator 2).
Results again given in Table 3 show that the achieved ranges are
much better than those obtained with the pure heuristic estimator.
On the other hand, because the estimate of the global maximum was
high, the temperature did not drop to levels low enough to terminate
the program. Consequently, in all cases, the program continued to
loop until all of the permitted FEN was completed. Because the
optimizations were terminated with function evaluation limit, the
study is also repeated with an upper limit of 150,000 function eval-
uations. Again the five runs are conducted. The results ranged from
72.018 to 74.433 km, and the best range is attained after 144,305
evaluations. Average range was 72.924 km and average FEN when
the maximums are attained was 94,112.

Because it is not always possible to guess a proper overestimate,
the study is repeated with an underestimate value of 65,000 (estima-
tor 3). The runs were terminated relatively early in all cases, with
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far fewer function evaluations (Table 3). The temperature dropped
rapidly and attained a negative temperature at termination because,
in all cases, the final range achieved was higher than the 65-km range
specified. Ranges achieved with an underestimate were greater than
those with a heuristic estimator and required far fewer function
evaluations, although they were lower than those obtained using
the overestimate. The heuristic estimator may initially estimate low
values for the global optimum, which causes the program to spend
excessive time at low function values before converging to the true
maximum. By the prevention of the estimator from initially estimat-
ing low values, the temperature does not drop prematurely, which
avoids program termination. The following estimator 4 is used:

f ∗ =
{

70,000, f̂ ≤ 70,000

f̂ , f̂ > 70,000 (23)

The results given in Table 3 show significant improvement in con-
vergence toward global optimum. In all cases except one, the range
obtained was greater than 70 km. This is an excellent performance
when compared with the heuristic estimator without a lower bound.
(estimator 1). The temperature did not drop as fast, and in all cases
except one the program terminated after completing the maximum
FEN. Also note that the maximum range obtained is lower than that
obtained by the overestimate.

As before, the heuristic estimator with upper and lower bounds is
also tested. Whereas a lower bound prevents the premature drop in
the temperature and termination of the program, imposing an upper
limit on the heuristic estimator may minimize the poor performance
of the program due to unexpected increase in temperature values.
Then, for estimator 5A,

f ∗ =




70,000, f̂ < 70,000

f̂ , 70,000 < f̂ < 100,000

100,000, 100,000 < f̂ (24)

The results (Table 3) demonstrate further improvement in the best
range is achieved (73,252 m) as compared with 70,647 m obtained
with lower bound only. Similarly, average range also increased when
using both bounds. The average number of function evaluations
dropped from 27,606 to 21,892. Thus, the results show that although
the upper bound is unrealistically high an upper bound on the heuris-
tic estimator further improves the results substantially.

The lower bound of 70 km used in estimator 4 is also relatively
high, and one may not be able to guess this lower bound properly.
By the decrease of the lower bound value, its effect on performance
may be examined. Thus, for estimator 5B,

f ∗ =




65,000, f̂ < 65,000

f̂ , 65,000 < f̂ < 100,000

100,000, 100,000 < f̂ (25)

The results (Table 3) indicate that reduction of the lower bound
decreased the maximum range from 73,252 (obtained by estima-
tor 5A) to 72,619 m. The average range also dropped from 71,537
to 69,580 m, and average function evaluation number dropped from
21,892 to 18,454. However, the results of estimator 5B are better
than the results of the estimators 1, 3, and 4.

Table 4 Function evaluation numbers required for P2 to attain 0.95 < f < 1.05a

n = 3 n = 6 n = 9

f ∗ type Equality Inequality Equality Inequality Equality Inequality

Heuristic estimator, f̂ 4,016 1,408 460,160 50,849 41,064,089 4,763,792
Heuristic with bounds, 0 ≤ f̂ ≤ 2 732 636 366,888 39,388 20,943,375 4,067,623
Global maximum 728 543 36,611 15,094 314,287 79,450

aAverage of 10 runs with equality and tight inequality constraints.

In summary it may be concluded that heuristic estimator with
bounds performs better. The closer the bounds are to the true op-
timum, the faster the convergence of the algorithm will be. It is
not detrimental if the optimum is not between these bounds. For
example, if the optimum is below these bounds, we have an overes-
timate case, and program terminates after completing all permitted
function evaluations. If it is above the bounds, the program will
then terminate with a value better than the upper bound specified
and with a negative temperature. Sometimes these bounds may be
decided based on pure reasoning. For example, with optimized in-
put parameters, a particular rocket will have a range longer than
available, but probably will never reach a certain range, or a par-
ticular vehicle will be at least as heavy as those available on the
market, but will never be lighter than a certain value, etc. An expert,
or a person with sufficient experience will have better judgment.
In fact, engineers solve the related problems many times during the
development of the computer models, which helps them accumulate
sufficient experience to make those judgments.

Implementation of Nonlinear Constraints
In the preceding missile trajectory optimization study, equality

constraints were augmented to the cost using penalty coefficients
[Eq. (21)]. In this section, the equality constraints issue is examined
further through problem P2 [Eq. (20)] and a trajectory optimization
problem. A usual approach is to augment the equality constraints to
the cost through a penalty coefficient,

f =
[(√

n
)n

n∏
i = 1

xi

]
− k3

(
n∑

i = 1

x2
i − 1

)2

(26)

Another approach is to replace equality constraints with tight in-
equality constraints. In this study the following is used:

f =
((√

n
)n

n∏
i = 1

xi

)
− k3 maximum

[(
n∑

i = 1

x2
i − 1

)2

− 0.012, 0

]

(27)

Whereas this form of constraint expression has no contribution to the
aggregate cost when the result of the constraint is between ±0.01, it
is continuous and penalizes the cost heavily as the difference exceeds
these bounds. The penalty coefficient is initially selected as 2000,
which is close to the ratio of the maximum value of the cost to the
constraint when n = 9. The optimization is carried out for three, six,
and nine dimensions using a heuristic estimator, a heuristic estimator
with bounds, and the true maximum as the estimator. The optimiza-
tion is stopped as soon as the function value attains 0.95 < f < 1.05.
Average results from 10 separate runs are presented in Table 4. With
equality constraint formulation [Eq. (26)], resulting constraint costs
were much less than ±0.01as expected. With inequality constraints,
the results were again between the bounds given. Runs with equal-
ity constraints required many times more function evaluations to
attain the desired accuracy than inequality constraints. The differ-
ence is especially pronounced for six and nine parameter cases.
One may also confirm the findings of the earlier study, namely,
the heuristic estimator with upper and lower bounds requires fewer
function evaluations than heuristic estimator alone. Augmenting the
absolute value of the equality constraint as done in trajectory opti-
mization problem is also tested. However, because the actual cost
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function is very high order, that is, nine, the problem converged very
slowly.

The approach to replace equality constraints with tight inequality
constraints is applied to missile trajectory optimization problem as
well. For example, boundaries such as

γdesired − 3 ≤ γ (t f ) ≤ γdesired + 3 deg

Vdesired − 3 ≤ V (t f ) ≤ Vdesired + 3 m/s (28)

are acceptable for the problem at hand. These inequality constraints
are augmented to the cost with penalty coefficients,

f = range − k1γcost − k2Vcost (29)

where

γcost = maximum
{

[γ (t f ) − γdesired]2 − 32, 0
}

Vcost = maximum
{

[V (t f ) − Vdesired]2 − 32, 0
}

(30)

Note that the permitted variation in terminal velocity corresponds
to an approximately ∓85 m change in altitude for the terminal con-
ditions considered. Optimization is carried out using this aggregate
cost function. In all cases the heuristic estimator with lower and up-
per bounds is employed (estimator 5A). The optimization is carried
out five times as before. The new runs converged much faster than
runs with equality constraints [Eq. (21)]. Thus, average number of
function evaluations dropped, by about ninefold, from 21,892 to
2374. Although, an average lower maximum range is attained with
tight inequality constraints (70.8 as compared to 71.5 km), terminal
values obtained were within the desired range in all runs.

Another approach tested was to reject the trial point if the con-
straints are not satisfied. Because no trial point can be reasonably
expected to satisfy equality constraints exactly, again a ±3 deg vari-
ation on flight-path angle and a ±3 m/s variation on the terminal
velocity are permitted. The optimization program was run for each
of the five initial angle-of-attack sets. However, after 5000 function
evaluations, no trial point satisfied the constraints, and the program
was terminated. Consequently, it may be stated that the acceptance–
rejection method is not suitable for the current missile trajectory
optimization.

It may be concluded that the performance of the algorithm im-
proves substantially if the equality constraints are replaced by tight
inequality constraints.

Effect of Parameter Number on Performance
The parameter number affects the performance of the hide-and-

seek. This may easily be observed from the results of P1 and P2
presented in Tables 2 and 4. Increase in function evaluation number
is especially formidable if same amount of closeness to the global
maximum is required. Because the main parameter in trajectory op-
timization is the number of nodes used, its effect is investigated next.

Performance in Finding Maximum Range
First, the estimators proposed and given in the preceding section

(Table 3) are examined with twofold increase in number of angle-
of-attack parameters from 30 to 60. Whereas the original angle-
of-attack values given in the sets are conserved, additional
angle-of-attack values are inserted by taking the mathematical av-
erage of the neighboring nodes. Optimization, carried out for five
different initial parameter sets, continues until a low enough tem-
perature is achieved or maximum FEN exceeded a predetermined
value. Equality constraints are employed [Eq. (21)]. Average results
from these five runs are listed in Table 5.

When only the heuristic estimator is used, fewer function eval-
uations were needed with 60 angle-of-attack parameters than 30
parameters, although a shorter range was achieved. With an overes-
timate (estimator 2, f ∗ = 75,000) in all instances maximum allow-
able function evaluations were completed. Range average decreased
from 71.8 with 30 parameters to 70 km with 60 parameters. Be-
cause more parameters require more function evaluations, a lower

Table 5 Average results from 30 and 60 angle of attack parameter
runs using different estimators

Estimator Number of α FEN at
type parameters FEN AT TU Range range

1 30 17,929 902 81 60,079 17,220
60 14,947 1,061 148 55,456 10,521

2 30 30,000 4,004 82 71,828 23,996
60 30,000 5,278 164 69,986 27,653

3 30 3,901 412 67 65,404 3,901
60 20,600 2,058 181 65,186 20,600

4 30 27,606 2,973 105 68,646 25,408
60 29,148 3,422 183 69,043 28,755

5A 30 21,892 886 102 71,537 21,725
60 30,000 3,696 183 68,438 29,662

5B 30 18,454 597 114 69,580 18,266
60 27,270 2,529 198 64,965 26,944

Table 6 Average results to show the effect of node number on FEN
with different constraints

Number of α FEN for FEN for
parameters f ≥ 70,000 f range ≥ 70,000 Range

Equality constraint
30 9,058 70,022 8,374 70,063
42 21,924 70,037 21,344 70,144
60 41,057 70,077 40,841 70,107

Tight inequality constraint
15 1,102 70,376
30 1,610 70,128
42 1,499 70,187
60 918 70,113

range is achieved with 60 parameter runs. In the underestimate case
( f ∗ = 65,000), both runs achieved the required range (i.e. 65.4 km,
and 65.2 km). However, 60-parameter runs completed 20,600 func-
tion evaluations on average, five times greater than required for 30-
parameter runs (3901function evaluations). The 60-parameter runs
with estimator 4 [Eq. (23)] again required more function evaluations,
and a slightly higher range is achieved than with 30-parameter runs.
Estimator 5A [Eq. (24)], 60-parameter runs terminated after com-
pleting all permitted function evaluations, and average range was
1500-m shorter than the 70-km lower bound. Similarly when estima-
tor 5B [Eq. (25)] is employed, again about 50% more function eval-
uations are required, although a much lower range is attained in the
average. In general, more nodes required more function evaluations.

Performance in Attaining a Desired Range
Instead of waiting for the program to achieve global maximum,

and not knowing whether it has achieved it, one may improve the ba-
sis of comparison by quantifying the program for the FEN required
to achieve a desired value, close to maximum, as done for problems
P1 and P2. Furthermore, other sets with different angle-of-attack
values were included. First, sets with 15 angle-of-attack parameters
were tested without conversion. Because using 120-element sets
may require excessive function evaluations, it was decided to use
42-element sets instead. A heuristic estimator with double bounds
was used [Eq. (24)] and equality constraints [Eq. (21)) were em-
ployed. Optimization is stopped as soon as the total cost and range
exceeded 70,000 and corresponding FEN are recorded. On average,
it required more function evaluations to achieve the desired cost
value than to achieve the desired range because of cost-contained
equality constraints on the terminal states (Table 6). From Table 6, it
may be observed that, when parameter number is doubled, the FEN
increased approximately fourfold.

Another numerical experiment was conducted to examine the
effect of parameter number to achieve a desired range and cost,
when tight inequality constrains are used [Eq. (29)]. The average
results from 10 runs are listed in Table 6. The program was run until
both the final range and final cost exceeded 70,000. Because the
constraints were relaxed, it was easy to attain the desired value even
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with 15 nodes. Another interesting feature of the study is the drop
in FEN when node number is increased from 30 to 60.

The overall evaluation of the preceding results indicates that,
whereas node number is a parameter number that will increase the
required FEN, more nodes also make it easier to approximate the
optimum input history. In fact too few nodes prevented the program
to attain the desired range when equality constraints are used. Thus,
when node number is doubled, the required FEN does not increase
as much as it increases with problems P1 and P2 (Tables 2 and 4).
In fact, with relaxed constraints, because it becomes easier to attain
a desired range with more nodes than with fewer nodes, required
FEN become close to each other.

Comparison of Flight Time and Total Energy Formulations
In this section, flight time and total energy approaches are com-

pared. For this purpose, a 30-parameter set (set 2) was run until the
range and cost exceeded the target value of 70,000. An estimator
with lower and upper bounds is used again (estimator 5A). Both
equality and inequality constraints were examined [Eqs. (21) and
(29)]. With equality constraints, the total energy approach required
6513 and 5705 function evaluations to exceed the target cost and
target range, respectively. The flight time approach, on the other
hand, required almost 15 times as many function evaluations than
the total energy approach (90,073 and 89,914 function evaluations,
respectively). When tight inequality constraints are used, the en-
ergy approach required only 515 function evaluations as opposed
to 41,147 function evaluations required by flight time formulation.
These results show that the total energy approach is superior to the
flight time approach in trajectory optimization.

There may be two basic reasons for this. First, the range is very
sensitive to time. Consequently, finding the precise time to realize
the desired range is a difficult task, unless the time parameter is
closely bounded to prevent it from taking a wide range of values
during optimization. Unfortunately, without sufficient experience
with a particular problem, one does not know how long the vehicle is
going to fly beforehand. Second, with nodes describing equal energy
consumption intervals, they are spaced more closely in time when
there is large drag or lift force, which approximates the optimum
input more accurately where it is needed most.

Missile Optimization Problems
Maximum Range Trajectory Optimization

When maximum range was taken as the baseline problem, various
results have been presented. In this section, only the best trajectory
obtained for the baseline missile is given and discussed. Identi-
cal launch and impact conditions are used. The maximum range at
1000-m altitude is found to be 73,252 m. Equality constraints on
the terminal conditions are imposed [Eq. (21)], and the terminal re-
quirements are very closely satisfied (Table 3, estimator 5A, set 3).
The resulting trajectory is given in Fig. 3 together with trajectory of
the same missile during ballistic flight.

To achieve maximum range, the missile initially climbs to over
18-km altitude before descending in a gliding trajectory. The missile

Fig. 3 Ballistic trajectory and maximum range trajectory.

Fig. 4 Angle of attack history during maximum range trajectory.

flies with a positive angle of attack almost all of its flight (Fig. 4).
Toward the final phases of flight, a high negative angle of attack
(−8 deg) is employed to slow down the missile in the lateral direction
and dive with a flight-path angle −75 deg is required. From Fig. 4,
it may also be observed that, after burnout, time intervals between
angle-of-attack values are not equal because nodes indicate equal
energy consumption intervals.

The range of the same missile flying a ballistic trajectory is
13.3 km (at 39-m altitude), has a velocity over 1.16 Mach, and
flight-path angle of −53 deg at impact. The flight finished after 43 s
at which instant the engine was still alive.

Compared with the ballistic trajectory, a rather long range is
achieved by optimizing the angle of attack history. However, how
sensitive is the range to small changes in the input? For example, if
there were angle-of-attack measurement bias, how would this bias
affect the maximum range? To gain some insight to the problem,
the nodal values of angles of attack are perturbed by a fixed amount.
Flight simulation with +0.5 deg bias resulted in 67,862-m range,
whereas −0.5 deg bias caused the missile to reach 68,146 m, that
is, about 5.5-km shorter than the maximum range.

Combined Optimization of Control and Motor Parameters
This section addresses the problem of minimum weight design of

a missile able to deliver a specified payload to a specified range. For
this purpose, main engine parameters, nominal thrust TD and total
impulse It , are optimized together with the flight control parame-
ters. When tight inequality constraints for the impact conditions are
imposed, the augmented cost function becomes

f = −mt − k5γcost − k6Vcost − k7rangecost (31)

where γcost and Vcost were defined earlier [Eq. (30)]. The range, on
the other hand, is permitted to vary ±0.5 km, that is,

rangecost = maximum
[
(range − rangedesired)

2 − 5002, 0
]

(32)

Missile diameter, nose geometry, and mass of the warhead and guid-
ance section remain unchanged. Wing geometry and location are
identical. To speed up optimization, a database containing data for
trim flight aerodynamic coefficients, and mass, for a given nominal
thrust and total impulse was constructed. The database contained
35 sets of data generated from 35 designs, from seven total impulse
and five thrust values. The selection of the range for trust and total
impulse was based on the experience gained during the optimization
runs. An estimator with lower and upper bounds (−600 ≤ f ∗ ≤ 0)
is used, where the lower bound is the weight of the initial design.
During optimization penalty coefficients k5, k6, and k7, are taken
as 30, 30, and 0.001, respectively. Optimization results are listed
in Table 7, together with the properties of the original missile. The
original missile, launched at 8-km altitude with 237.3-km/s speed,
achieved a maximum range of 73,252 m. Engine parameter opti-
mization reduced the total mass by more than 25% by dropping it
from 599 to 439 kg. Though the total impulse also dropped slightly,
the significant reduction was in the thrust value, which is dropped
to more than half of its original value (from 6 to 2.7 kN). Because



624 TEKINALP AND BINGOL

Table 7 Combined optimization of control and motor parameters

Rangedesired = 73 km Rangedesired = 100 km
Original

Parameter missile Design 1 Design 2 Design 3 Design 4

V0, m/s 237.3 237.3 170 237.3 170
mt , kg 599 439 443 487 489
m p , kg 167 203 203 253 254
It , kN · s 420 411 420 499 503
TD , N 6,000 2,721 2,735 2,506 2,556
tb , s 70 151 154 199 197
Range, km 73,252 73,207 72,952 99,540 99,587
V (t f ), m/s 271.2 270.5 268.5 268.3 268.5
γ (t f ), deg −75.0 −73.4 −73.0 −77.9 −76.9
FEN 28,315 164 176 562 1,279

Fig. 5 Trajectories of the specified range minimum weight missile
designs.

lower thrust is associated with lower chamber pressure, correspond-
ing engine case mass and nozzle mass are also lower. On the other
hand, the burnout time and total propellant mass are increased.

To examine the effect of the launch velocity, it is reduced to
170 m/s and the design process is repeated. The results (Table 7, de-
sign 2) show that the total mass has increased only by a mere 4 kg,
mainly due to an increase in propellant mass. Burnout time also in-
creased slightly. The resulting trajectories for these designs (Fig. 5)
may be compared to the trajectory of the original missile (Fig. 3).
Because these new designs have low nominal thrust, both missiles
fall initially. Design 1 loses less altitude than design 2 because it has
a higher initial velocity. The maximum altitudes reached are also
lower than that of the original missile.

In another case, desired range was increased by 37% (100 km).
Optimization results (Table 7) indicate that a 37% increase in range
required about 10% increase in total mass, mainly due to the increase
in the fuel mass. The nominal thrust also dropped, which causes a
reduction in the weight of the engine case. However, total impulse
and burnout times are increased about 20 and 30%, respectively.

The numbers of function evaluations needed during design op-
timization were lower for the lower range missile than the higher
range missile. The 100-km-range missile launched at 237.3 m/s
used almost all of the available impulse and required more func-
tion evaluations to converge. When a lower launch velocity was
used (170 m/s), the program had convergence difficulties. It was
overcome by a slight increase in the upper bound on total impulse,
which results in the modification of the corresponding aerodynamic
database. Optimization was repeated with this modified data. The
missile with a higher desired range, launched with a lower velocity,
used again almost all of the available total impulse (design 4). It also
required more function evaluations (1279) because it was relatively
difficult to find a proper trajectory with limited impulse.

Combined Optimization of Control, Motor,
and Aerodynamic Shape Parameters

In this section, in addition to motor design parameters, the aero-
dynamic shape of the missile is also optimized to obtain a minimum

weight missile that glides to its target on the most efficient flight
path. To limit the number of parameters to be used in optimiza-
tion, only the wing geometry is optimized because it has the most
important bearing on the range of the missile. The selected wing
optimization parameters are the wing root chord, semispan, taper
ratio, and tail gap. The tail is located at the very aft of the missile.
Consequently, its distance to the nose depends on missile length,
itself dependent on engine design. To avoid meaningless designs,
instead of wing leading-edge location, tail gap is selected as an
optimization parameter. For the motor design, again thrust and to-
tal impulse, TD and It , values are the design parameters. Again a
database is constructed containing mass, engine, and aerodynamic
properties of various designs. For the aerodynamic properties, Mis-
sile DATCOM25 software is used as before. The database contained
21,875 sets of data, corresponding to seven total impulse values
and five values for thrust, root chord, wingspan, taper ratio, and tail
gap parameters. Each data set gave total mass and trim flight, lift,
and drag coefficients. During optimization, linear interpolations are
used to obtain necessary data from the database.

Optimization was carried out as before by use of using 30 angle
of attack parameters, two engine parameters, and four parameters
for wing geometry. The same launch conditions were specified, and
the same impact conditions were sought. Although tight inequality
constraints, as well as a heuristic estimator with upper and lower
bounds, are used, the results were not successful. For example, the
lightest missile to reach 73 km was found to have a mass of 485 kg.
This is worse than the designs obtained by optimizing the engine
parameters only. Similarly 100-km-range missile design yielded a
mass of 473 kg, which is only slightly better than those given in
Table 7 (design 3). Note that the latter case was repeated for 20 dif-
ferent initial parameter sets. In all cases, the optimization program
terminated after a few hundred function evaluations, with very low
temperatures. This suggests that there were many function improve-
ments with very close values, and the temperature was dropping
prematurely resulting in early termination of the program.

To force the program to a better solution, a two-loop (two-
temperature) optimization approach was investigated. In the inner
loop, the maximum range of a given missile configuration was found
by optimizing the control parameters. The aggregate cost function
for the inner loop is

finner = range − k1γcost − k2Vcost (33)

In the outer loop, parameters related to the engine, TD and It , and the
wing geometry, semispan, root chord, taper ratio, and tail gap, were
optimized to find the minimum-weight missile. The cost function
of the outer loop is

fouter = −mt − k7rangecost (34)

Each loop had its own temperature parameter with separate heuristic
estimators with proper upper and lower bounds. Optimization results
are given in Table 8. The total weight of the original missile is
reduced from 599 to 401.7 kg (33% reduction, design 5), whereas
its range is increased from 73.25 to 100 km (37%). When compared
with an engine-only design optimization study, a 17.5% savings in
weight may be observed for the missile that reaches a 100-km range.
This increase in range is realized with an increase in wingspan and
root chord, namely, wing planform area. Whereas the wingspan
reached the highest value permitted (0.56 m), root chord was well
below the permitted maximum because high aspect ratio wings are
more efficient. The maximum range trajectory of the new design is
given in Fig. 6.

The study indicated that the database is suitable for optimizing for
a higher range as well. The optimization was repeated, this time for
a 110-km range (design 6). A 10% increase in range was realized
with a 7.5% increase in total mass, mainly due to the increase in
propellant mass. The span, chord, and planform areas of the wings
are quite close. Thrust, on the other hand, is increased slightly, with
a 17.6% increase in total impulse.

Each multidisciplinary design optimization run took about 2 h on
the personal computer mentioned earlier.
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Table 8 Multidisciplinary design optimization results

Rangedesired = 100 km Rangedesired = 110 km

Design 3 Design 5 Design 6
Original control and control, motor and control, motor and

Parameter missile motor parameters wing parameters wing parameters

V0, m/s 237.3 237.3 237.3 237.3
mt , kg 599 487 401.7 432.8
m p , kg 167 253 169 196
It , kN · s 420 499 340.2 400.1
TD , N 6000 2506 2686 2769
tb 70 199 127 145
Range, km 73.25 99.54 100.2 109.7
V (t f ), m/s 271.2 268.3 271.4 269.7
γ (t f ), deg −75 −77.9 −74.9 −73.9
Root chord 0.55 0.55 0.58 0.58
Taper ratio 0.78 0.78 0.70 0.70
Leading edge, m 2.29 2.29 1.81 1.92
Planform area, m2 0.220 0.220 0.278 0.275

Fig. 6 Maximum range trajectory of design 5.

Conclusions
In this study, application of the hide-and-seek continuous simu-

lated annealing algorithm to missile optimization problems is inves-
tigated. Improvements to the method and to the formulation tech-
niques are proposed, and their effectiveness is demonstrated. It is
shown that the hide-and-seek algorithm is very effective in solving
such complex and nonlinear aerospace optimization problems. The
strength of hide-and-seek lies in its adaptive cooling schedule. For
this purpose, an estimate of the global optimum is needed. Vari-
ous approaches are examined. Among them, the original heuristic
estimator with lower and upper bounds is found to give good results.

Simulated annealing is an unconstrained optimization algorithm.
Both the rejection method and augmentation of constraints to cost
are tested. Also tested is the conversion of equality constraints to
tight inequality constraints. It is found that the rejection method does
not work for missile trajectory optimization. However, physically
reasonable tight inequality constraints speed up convergence of the
hide-and-seek algorithm. Furthermore, increase in node number in
general increases the number of function evaluations for trajectory
optimization.

Two formulations for maximum range trajectory optimization,
total flight time and total energy approaches, are compared. It is
demonstrated that the total energy approach, where the nodes after
burnout are equally spaced in energy consumption, gives superior
results. Hide-and-seek is also suitable for combined optimization of
design and control variables. However, it may be necessary to carry
out multiloop (multitemperature) optimizations to avoid a prema-
ture drop in temperature and termination of the process, due to the
adaptive nature of the cooling schedule.
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